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HYDROPOWER PLANT SIMULTANEOUS BIDING IN ELECTRICITY 




In a traditional environment, hydropower plant owners seek for minimum 
cost while in today deregulated environment goal function is profit maximization. 
Besides electricity only market, power producers can offer their services also in 
ancillary services markets. By doing so, it is possible to increase expected profit. 
This paper focuses on simultaneous hydropower plant biding in electricity and 
ancillary services markets, and purpose is to examine and verify effects of the 
proposed method on expected profit of hydropower plan owner. A mathematical 
model based on mixed integer programming approach is used. Head effect is also 
take into account with price-wise linear performance curves. Prices from real 
electricity markets and ancillary markets are used, and real hydropower system 
Lokve-Bayer in Croatia, with focus on hydropower plant Vinodol, is modelled. 
Obtained results show that there is a notable improvement in expected profit of 
hydropower plant if presented market bidding approach is used. It is also shown 
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T Set of indices of the steps of the optimization period, planning horizon, 𝑇𝑇 = {1, 2, … ,𝑇𝑇max}, 𝑡𝑡 ∈ 𝑇𝑇,𝑇𝑇max ∈ 𝑁𝑁 
I Set of indices of the reservoirs/plants,  I = {“Križ”, “Lokve”, “Lepenica”, “Bajer”}, i∈I. 
J Set of indices of the perf. curves J = {1-high lvl., 2-middle lvl.,  3-low lvl.}, j∈J. 
Ui Set of upstream reservoirs of plant i. 
B Set of indices of the blocks of the piecewise linearization of the unit performance curve B = {1, 2, 3}, b∈B. 
N Set of indices of the profit tolerances N = {1, 2, …, Nmax}, n∈N. 
Parameters 
M Conversion factor equal to 3600 (m3·s·m−3·h−1). 
𝑋𝑋max(𝑖𝑖) Maximal content of the reservoir i (m3). 
𝑋𝑋𝑙𝑙(𝑖𝑖) 
l-th discrete level of the content of the reservoir i, 𝑙𝑙 ∈ {1,2,3,4} 
(m3). 
𝑋𝑋min(𝑖𝑖) Minimal content of the reservoir i (m3). 
𝑋𝑋(𝑖𝑖, 0) Initial water content of the reservoir i (m3). 
𝑋𝑋(𝑖𝑖, 24) Final water content of the reservoir i (m3). 
𝑊𝑊(𝑖𝑖, 𝑡𝑡) Forecasted natural water inflow of the reservoir i in time step t  (m3/s). 
Πspot(𝑡𝑡) Forecasted price of real-time electricity market in time step t ($/MWh). 
Π𝑒𝑒(𝑡𝑡) 
Forecasted price of day ahead electricity market in time step t 
($/MWh). 
Π𝑟𝑟(𝑡𝑡) 
Forecasted price of day ahead regulation market in time step 
t  ($/MWh). 
Π𝑠𝑠𝑟𝑟(𝑡𝑡) 
Forecasted price of day-ahead 10 minute spinning reserve 
market in time step t ($/MWh). 
𝑄𝑄min(𝑖𝑖) Minimum water discharge of plant i (m3/s). 
𝑄𝑄max(𝑖𝑖) Maximum water discharge of plant i (m3/s). 
𝑄𝑄max(𝑖𝑖, 𝑏𝑏) Maximum water discharge of block b of plant i (m3/s). 
Bmin(i) Ecological minimum of plant i (m3/s). 
𝑃𝑃0𝑛𝑛(𝑖𝑖) 
Minimum power output of plant i for performance curve n,  
𝑛𝑛 ∈ {1,2,3,4,5} (MW). 
𝑃𝑃max(𝑖𝑖) Capacity of plant i (MW). 
ρ𝑗𝑗(𝑖𝑖, 𝑏𝑏) 
Slope of the block b of the performance curve j of plant i 
(MWs/m3). 
ρ−1(𝑖𝑖, 𝑡𝑡) 
Conversion factor used for converting (m3) to (MWh) for 
reservoir i in particular time step t. Meaning calculation of 
reservoir energy potential (MWh/m3) in time step t. 
𝑝𝑝𝑟𝑟up(𝑡𝑡) Probability of being in Regulation-up state in time step t. 
𝑝𝑝𝑟𝑟down(𝑡𝑡) Probability of being in Regulation-down state in time step t. 
𝑝𝑝del(𝑡𝑡) Probability of spinning reserve to be activated in time step t . 
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MSR(i) Maximum sustain ramp rate of plant i (MW/min). 
UP(i) Ramping up limit of plant i (MW/h). 
DR(i) Ramping down limit of plant i (MW/h). 
∆𝑙𝑙(i) 
Difference between maximal values of two neighboring perf. 
curves of plant i, 𝑙𝑙 ∈ {1,2,3,4} (MW). 
δ𝑙𝑙(𝑖𝑖) 
Difference between minimal values of two neighboring perf. 
curves of plant i, 𝑙𝑙 ∈ {1,2,3,4}(MW). 
Variables 
𝑋𝑋(𝑖𝑖, 𝑡𝑡) Water content of the reservoir i at the end of time step t (m3). 
𝑋𝑋avg(𝑖𝑖, 𝑡𝑡) Average water content of the reservoir i in time step t (m3). 
𝑞𝑞(𝑖𝑖, 𝑡𝑡) Water discharge of plant i in time step t (m3/s). 
𝑞𝑞𝑢𝑢(𝑖𝑖, 𝑡𝑡, 𝑏𝑏) Water discharge of block b of plant i in time step t (m3/s). 
𝑠𝑠(𝑖𝑖, 𝑡𝑡) Spillage of the reservoir i in time step t  (m3/s). 
𝑑𝑑𝑘𝑘(𝑖𝑖, 𝑡𝑡) 
0/1 variable used for discretization of performance curves, 
k∈{1, 2, 3, 4}. 
𝑤𝑤(𝑖𝑖, 𝑡𝑡, 0) 0/1 variable which is equal to 1 if plant i is on-line in time step t. 
𝑤𝑤(𝑖𝑖, 𝑡𝑡, 𝑏𝑏) 0/1 variable which is equal to 1 if water discharged by plant i has exceeded block b in time step t . 
𝑃𝑃(𝑖𝑖, 𝑡𝑡) Total power output of the performance curve of plant i in time step t (MW). 
𝑃𝑃𝑒𝑒(𝑖𝑖, 𝑡𝑡) 
Power output of plant i committed to energy market in time 
period t (MW). 
𝑃𝑃𝑟𝑟(𝑖𝑖, 𝑡𝑡) Regulation service capacity of plant i in time period t (MW). 
𝑃𝑃𝑠𝑠𝑟𝑟(𝑖𝑖, 𝑡𝑡) 
10 min spinning reserve of plant i available for increase of 
output power in time period t (MW). 
𝑃𝑃𝑡𝑡𝑟𝑟(𝑖𝑖, 𝑡𝑡) 
Tertiary reserve of plant i available for increase of output 
power in time period t (MW). 
𝐸𝐸(𝑖𝑖, 𝑡𝑡) Total electricity produced for the energy, regulation and spinning reserve market. 
𝐸𝐸𝑒𝑒(𝑖𝑖, 𝑡𝑡) 
Electricity produced for energy market by plant i in time 
period t (MWh). 
𝐸𝐸𝑟𝑟(𝑖𝑖, 𝑡𝑡) 
Electricity produced for regulation service by plant i in time 
period t (MWh). 
𝐸𝐸𝑠𝑠𝑟𝑟(𝑖𝑖, 𝑡𝑡) 
Electricity produced for spinning reserve service by plant i in 
time period t (MWh). 
𝐸𝐸𝑡𝑡𝑟𝑟(𝑖𝑖, 𝑡𝑡) 
Electricity produced for tertiary regulation service by plant i 




Water is a scarce resource with uncertain availability. It is therefore 
complicated to find economically optimal hydropower plant schedule. In a 
traditional environment, goal function is usually cost minimization [1], [2] and [3] 
while in the deregulated environment goal function is profit maximization [4] and 
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[5]. In this paper that is based on [6], hydropower plant (HPP) operation in a 
deregulated environment is considered. Optimization purpose is to find maximum 
profit with simultaneous bidding on a day-ahead auction market (DAAM) and 
ancillary services markets. Model is set by mixed integer linear programing (MILP) 
approach with HPP maximum profit as a goal function. In a short-term planning, 
most of the parameters can be considered as known, and short-term models are 
called therefore deterministic [7] and [8]. Model in this paper is also deterministic. 
Some stochastic models are presented in [9], [10] and [11], [12], [13]. Short-term 
planning also considers effects of water levels in reservoirs on HPP power output. It 
is, therefore, necessary to model these dependencies between reservoir water levels, 
turbine discharge and power outputs as described in [14]. This paper is focused on 
the real hydropower system (HPS), HPS Vinodol, also called HPS Lokve-Bajer 
because it utilizes water power from Lokvarka and Ličanka basins and some other 
minor connected basins. Particular attention is given to HPP Vinodol as core 










































Figure 1. The depiction of HPS Vinodol 
Data on electrical assets in HPS Vinodol are taken from [15]. Ramp-up and 
ramp-down speed of power plant is of great importance regarding their role in 
ancillary services markets. Ramping constraints in thermal power plants are due to 
the mechanical and thermodynamic stress of turbines, and typical values are 0,03-
0,6 p.u.MW/min (0,0005-0,01 p.u.MW/s) [16], [17] and [18]. On the other hand, 
technical characteristics of HPPs allow fast ramping in both directions. Ramping 
constraints in hydropower plants are defined by primary regulators, and therefore 
HPPs have faster ramping in comparison to thermal power plants with typical 
values of 2,7 p.u.MW/min (0,045 p.u.MW/s) for ramp-up and -3,6 p.u.MW/min (-0,06 
p.u.MW/s) for ramp-down [17]. HPP Vinodol can increase power output from zero to 
nominal power Pmax in 22 seconds. It can also decrease power output from nominal 
power to zero in 17 seconds. Maximum sustain ramp rate for HPP Vinodol in this 
paper is set to: MSR = 2.7 /-3,6 [p.u.MW/min] and falls into typical value range for 
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HPP. It is obvious that HPP owners may find some benefits from bidding also on 
ancillary services markets, in addition to bidding on just electricity markets. 
A modelled day ahead electricity market (DAAM) is similar to those 
deregulated markets such as New England Power Pool, California Market, 
Australia Electricity Market and New Zealand Electricity Market, where 
production plan of each power producer or generating company – GENCO is its 
responsibility in search for maximum profit. GENCO uses PBUC price based unit 
commitment [19] optimization model for optimal power schedule. 
3. PROBLEM DESCRIPTION AND FORMULATION 
Model of simultaneous participation of HPP in DAAM and ancillary services 
markets requires a definition of multilayer problem, namely hydraulic layer, 
electrical layer and economic layer. Goal function is the profit of HPP Vinodol 
expressed in (1): 
Profit(𝑡𝑡) = �[Π𝑒𝑒(𝑡𝑡) ∙ 𝐸𝐸𝑒𝑒(𝑖𝑖, 𝑡𝑡) + Πspot(𝑡𝑡) ∙ 𝐸𝐸𝑟𝑟(𝑖𝑖, 𝑡𝑡) + Π𝑟𝑟(𝑡𝑡) ∙ 𝑃𝑃𝑟𝑟(𝑖𝑖, 𝑡𝑡)
𝑖𝑖∈𝐼𝐼
+ Πspot(𝑡𝑡)
∙ 𝐸𝐸𝑠𝑠𝑟𝑟(𝑖𝑖, 𝑡𝑡) + Π𝑠𝑠𝑟𝑟(𝑡𝑡) ∙ 𝑃𝑃𝑠𝑠𝑟𝑟(𝑖𝑖, 𝑡𝑡)] 
(1) 
where variables and parameters are defined in the nomenclature above. 
A mathematical model, analysis and results will be based on a model of real 
HPS Lokve-Bajer (HPS Vinodol). But since HPP Vinodol is by far largest and most 
dominant HPP in system optimization criterion is set to be a maximum profit of 
HPP Vinodol.  
4. HPS Lokve-Bajer/ HPS Vinodol 
HPS Lokve-Bajer consists of 5 reservoirs (Križ, Lokve, Bajer, Lepenica, 
Potkoš), two pumped stations (PS) (PS Križ, PS Lič) and 3 HPPs (PHPP Fužine, 
PHPP Lepenica, HPP Vinodol). Technical characteristics of HPPs and reservoirs are 
given in table 1. Natural inflows and reservoir seepages are given in table 2. 
Table I Technical characteristics of HPPs and reservoirs, *turbine/pump 
Reservoir Volume [hm3] HPP/PS Discharge [m3/s] Power [MW] 
Križ 0.06 PS Križ 1.1 0.34 
Lokve 34.8 PHPP Fužine 10/9* 4.6/4.8* 
Bajer 1.32 HPP Vinodol 18.6 94.5 
Lepenica 4.26 PHPP Lepenica 6.2/5.3* 1.14/1.25* 
Potkoš 0.33 PS Lič 0.45 0.36 
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Table II. Natural inflow of reservoirs, *inflow/seepage 
Reservoir Križ Lokve Bajer Lepenica Potkoš 
Natural inflow 4 4 8/1* 4 4 
A mathematical model of HPS Lokve-Bajer consists among other of water 
balances [14] that describe the relationship between reservoirs in each time step t. 
HPP Vinodol is modelled by power output curves in more details for already stated 
reasons while rest HPPs and pumped stations are modelled with a simple linear 
relationship between turbine discharge and power output. 
5. Reservoirs 
Five reservoirs in HPS Bajer-Lokve are mutually interconnected with 
pipelines. Reservoir water level (volume) in time step t is determined by reservoir 
water level (volume) in time step t - 1, natural inflow, turbine discharges and 
overflows of upstream HPPs connected with a reservoir of interest, and also own 
turbine discharge and overflow in step t. This linear relationship (2) is called 
reservoir water balance. In this model time delays are neglected. 
𝑋𝑋(𝑖𝑖, 𝑡𝑡) = 𝑋𝑋(𝑖𝑖, 𝑡𝑡 − 1) + 𝑀𝑀 ∙𝑊𝑊(𝑖𝑖, 𝑡𝑡) + 𝑀𝑀 ∙�[𝑞𝑞(𝑗𝑗, 𝑡𝑡) + 𝑠𝑠(𝑗𝑗, 𝑡𝑡)]
𝑗𝑗∈𝑈𝑈
− 𝑀𝑀 ∙ [𝑞𝑞(𝑖𝑖, 𝑡𝑡) + 𝑠𝑠(𝑖𝑖, 𝑡𝑡)]
∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇
(2)
6. HPPs and pumped stations 
Data for the model of HPPs and pumped stations are given in table 3. 
Table III. Technical characteristics of HPPs and pumped stations of HPS Lokve-
Bajer1 
HPP/PS Qt/Qc (m3/s) Pt/Pc (MW) Hb (m) Hn (m) 
PS Križ NA/1.1 NA/0.34 8.5 8 
PS Lič NA/0.45 NA/0.36 NA NA 
PHPP Fužine 10.0/9.0 4.6/4.8 NA 37 
HPP Vinodol 18.6/NA 94.5/NA 658.5 623 
7. Power output curves for HPP Vinodol 
The power output of HPP Vinodol is modelled by five piecewise linear power 
output curves. Each curve is used to describe appropriate discrete reservoir part in 
reservoir Bajer (connected to HPP Vinodol). This nonlinear relationship is called 
Hill chart [20]. It is set of nonlinear curves called performance curves each defined 
for the specific water content of reservoir. According to [14] and [20], it is possible to 
linearize these curves by using binary (0/1) variables and mixed integer linear 
                                            
1 Source: Hrvatska elektroprivreda 
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programming approach to precisely model performance curves. The same approach 





Xmin ≤ X(t) < X1
X1 ≤ X(t) < X2
X2 ≤ X(t) < X3
X3 ≤ X(t) < X4

















Figure 2 The depiction of HPS Vinodol 
Activation of appropriate power output curve P(t) in time step t depends on water 
level (volume) of reservoir X(t) in time step t. It is, therefore, necessary to divide 
reservoir Bajer into discrete levels as shown in table 4. This activation is presented 
in [14] and upgraded in [21]. Expressions (3) - (13) are used to model this activation: 
Table IV. Discrete levels of reservoir Bajer 
Reservoir Xmin X1 X2 X3 X4 Xmax 
Bajer 1.0hm3 1.1hm3 1.20hm3 1.25hm3 1.30hm3 1.32hm3 
 
𝑋𝑋𝑎𝑎𝑎𝑎𝑎𝑎(𝑖𝑖, 𝑡𝑡,𝑘𝑘) =
𝑋𝑋(𝑖𝑖, 𝑡𝑡, 𝑘𝑘) +  𝑋𝑋(𝑖𝑖, 𝑡𝑡 − 1,𝑘𝑘)
2
,   ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾 (3) 
𝑋𝑋𝑎𝑎𝑎𝑎𝑎𝑎(𝑖𝑖, 𝑡𝑡,𝑘𝑘) ≥ 𝑋𝑋1(𝑖𝑖) ∙ [ 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) −  𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘)]  +  𝑋𝑋2(𝑖𝑖) ∙ [ 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) – 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘)]
+ 𝑋𝑋3(𝑖𝑖) ∙ [ 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) −  𝑑𝑑4(𝑖𝑖, 𝑡𝑡, 𝑘𝑘)]  +  𝑋𝑋4(𝑖𝑖) ∙ 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘),
∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾  
(4) 
𝑋𝑋𝑎𝑎𝑎𝑎𝑎𝑎(𝑖𝑖, 𝑡𝑡,𝑘𝑘) ≤ 𝑋𝑋𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙ 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘) +  𝑋𝑋1(𝑖𝑖) ∙ [ 1 – 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] + 𝑋𝑋2(𝑖𝑖)
∙ [ 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) −   𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] + 𝑋𝑋3(𝑖𝑖) ∙ [𝑑𝑑2(𝑖𝑖, 𝑡𝑡, 𝑘𝑘) −  𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] +  𝑋𝑋4(𝑖𝑖)
∙ [ 𝑑𝑑3(𝑖𝑖, 𝑡𝑡, 𝑘𝑘) − (𝑖𝑖, 𝑡𝑡,𝑘𝑘)],∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾 
(5) 
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𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) ≥ 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘),
𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) ≥ 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘),
𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) ≥ 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘),   ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾 
(6) 
𝑋𝑋(𝑖𝑖, 𝑡𝑡, 𝑘𝑘) ≤  𝑋𝑋𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖),
𝑋𝑋(𝑖𝑖, 𝑡𝑡, 𝑘𝑘)  ≥  𝑋𝑋𝑚𝑚𝑖𝑖𝑖𝑖(𝑖𝑖),    ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾 
(7) 
Each of five power output curves is defined with unique combination of binary 
decision variables d1, d2, d3, d4 shown in table 5. 
Table V. Combinations of binary decision variables d1, d2, d3, d4 
Combination 0000 1000 1100 1110 1111
Curve 1 2 3 4 5
For example, when water content X(t) of reservoir is between levels X1 and X2, 
expressions (3) to (7) sets the binary variables d1, d2, d3, d4 to values 1, 0, 0, 0 and, 
therefore, activates performance curve 2 using expressions (8) to (13).  
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃01(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡,𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 − 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≤ 0,
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃01(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡,𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 + 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≥ 0,
  ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾 
(8) 
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃02(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 − 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[1 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≤ 0,
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃02(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 + 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[1 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≥ 0,
  ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾  
(9) 
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃03(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 − 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[2 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≤ 0,
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃03(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 + 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[2 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≥ 0,
  ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾  
(10) 
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃04(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 − 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[3 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≤ 0,
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃04(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 + 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[3 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) + 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≥ 0,
(11) 
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  ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾 
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃04(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 − 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[4 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≤ 0,
𝑃𝑃(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑃𝑃04(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − ∑ 𝑞𝑞(𝑖𝑖, 𝑡𝑡, 𝑘𝑘, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘) ∙ 𝜌𝜌(𝑖𝑖, 𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘)3𝑏𝑏𝑙𝑙𝑏𝑏𝑘𝑘=1 + 10 ∙ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑖𝑖) ∙
[4 − 𝑑𝑑1(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑2(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑3(𝑖𝑖, 𝑡𝑡,𝑘𝑘) − 𝑑𝑑4(𝑖𝑖, 𝑡𝑡,𝑘𝑘)] ≥ 0,
  ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾 
(12) 
𝑞𝑞(𝑖𝑖, 𝑡𝑡,′ 1′,𝑘𝑘) ≤ 𝑄𝑄1(𝑖𝑖) ∙ 𝑣𝑣(𝑖𝑖, 𝑡𝑡,𝑘𝑘),
𝑞𝑞(𝑖𝑖, 𝑡𝑡,′ 1′,𝑘𝑘) ≥ 𝑄𝑄1(𝑖𝑖) ∙ 𝑤𝑤(𝑖𝑖, 𝑡𝑡,′ 1′,𝑘𝑘),
𝑞𝑞(𝑖𝑖, 𝑡𝑡,′ 2′,𝑘𝑘) ≤ 𝑄𝑄2(𝑖𝑖) ∙ 𝑤𝑤(𝑖𝑖, 𝑡𝑡,′ 1′,𝑘𝑘),
𝑞𝑞(𝑖𝑖, 𝑡𝑡,′ 2′,𝑘𝑘) ≥ 𝑄𝑄2(𝑖𝑖) ∙ 𝑤𝑤(𝑖𝑖, 𝑡𝑡,′ 2′,𝑘𝑘),
𝑞𝑞(𝑖𝑖, 𝑡𝑡,′ 3′,𝑘𝑘) ≤ 𝑄𝑄3(𝑖𝑖) ∙ 𝑤𝑤(𝑖𝑖, 𝑡𝑡,′ 2′,𝑘𝑘),
𝑞𝑞(𝑖𝑖, 𝑡𝑡,′ 3′,𝑘𝑘) ≥ 𝑄𝑄3(𝑖𝑖) ∙ 𝑤𝑤(𝑖𝑖, 𝑡𝑡,′ 3′,𝑘𝑘),   ∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,∀𝑘𝑘 ∈ 𝐾𝐾  
(13) 
Expressions (8) to (13) define performance curves shown in figure 2. Performance 
curves are linearized form of Hill chart. Conversion coefficients 𝜌𝜌 [MW / m3/s] in (9) 
to (13) define the efficiency of transformation of water energy (1m3 in a reservoir) 
into electrical energy (MWh). 
 
8. Ancillary services 
Ancillary service that will be provided by HPP in this paper is service of frequency 
control. That can be achieved by primary, secondary or tertiary regulation for which 
provision is responsible transmission system operator (TSO) [22]. Criterions that 
provider must comply with are defined by conditions for connection to transmission 
grid [23]. 
8.1.1. The primary regulation 
Methods of modelling reserve of active power for the primary regulation presented 
in [24] and [19] are modified to a suite to model of HPS in this paper.  
• Regulation-up: In this case, power output must increase. HPP makes a profit 
based on an available amount of primary reserve 𝑃𝑃𝑟𝑟(𝑡𝑡) [MW] with a price 
𝜆𝜆𝑟𝑟(𝑡𝑡) [€/MW] in time step t and delivered electricity for regulation 𝐸𝐸𝑟𝑟(𝑡𝑡) 
[MWh] with electricity spot price 𝜆𝜆𝑒𝑒(𝑡𝑡) [€/MWh] while providing regulation in 
time step t. 𝑝𝑝𝑟𝑟,𝑢𝑢𝑢𝑢 is a probability that HPP will be in the Regulation-up state. 
• Regulation-down: In this case, power output must increase. HPP makes a 
profit based on an available amount of primary reserve 𝑃𝑃𝑟𝑟(𝑡𝑡) [MW] with a 
price 𝜆𝜆𝑟𝑟(𝑡𝑡) [€/MW] in time step t. Due to the decrease in delivered electricity 
during regulation-down (𝐸𝐸𝑟𝑟(𝑡𝑡) [MWh] < 0), HPP does not receive electricity 
spot price 𝜆𝜆𝑒𝑒(𝑡𝑡) [€/MWh] for an amount 𝐸𝐸𝑟𝑟(𝑡𝑡). 𝑝𝑝𝑟𝑟,𝑑𝑑𝑏𝑏𝑑𝑑𝑛𝑛 is a probability that 
HPP will be in the Regulation-down state. 
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• No-regulation: In this case, power output does not change. HPP makes a 
profit based on an available amount of primary reserve 𝑃𝑃𝑟𝑟(𝑡𝑡) [MW] with a 
price 𝜆𝜆𝑟𝑟(𝑡𝑡) [€/MW]. The probability that HPP will be in No-regulation state is 
(1 − 𝑝𝑝𝑟𝑟,𝑢𝑢𝑢𝑢-𝑝𝑝𝑟𝑟,𝑑𝑑𝑏𝑏𝑑𝑑𝑛𝑛). 
The probability for Regulation-up and Regulation-down are 40% and 35% 
respectively. This assumption is taken from [25] and presented in table 6. 
Table VI. Combinations of binary decision variables d1, d2, d3, d4 
𝒑𝒑𝒓𝒓,𝒖𝒖𝒑𝒑 𝒑𝒑𝒓𝒓,𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 (𝟏𝟏 − 𝒑𝒑𝒓𝒓,𝒖𝒖𝒑𝒑-𝒑𝒑𝒓𝒓,𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅) 
0.40 0.35 0.25 
In comparison to primary regulation modelling in [24], where mixed integer 
non-linear programming - MINLP was used, in this paper primary regulation is 
modelled using mixed integer linear programming – MILP. Piecewise linear 
performance curves are suitable for the additional description of primary 















Figure 3 Operational area of HPP while providing primary regulation 
The operational area of HPP for producing electricity 𝑃𝑃𝑒𝑒(𝑡𝑡) becomes narrower 
if some amount of primary regulation 𝑃𝑃𝑟𝑟(𝑡𝑡) is provided (Figure 3.). HPP, therefore, 
must operate below nominal power, and this restricted part is called headroom and 
defined by (14). Bottom restricted operational area, called foot room, considers that 
HPP must operate above its minimum power output P0, to be able to provide some 
regulation-down service. This part is defined by (15). Following expressions define 
previously stated restricted areas: 
𝑃𝑃𝑒𝑒(𝑡𝑡) ≤ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 − 𝑃𝑃𝑟𝑟(𝑡𝑡) [MW], ∀𝑡𝑡 ∈ 𝑇𝑇 (14) 
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𝑃𝑃𝑒𝑒(𝑡𝑡) ≥ 𝑃𝑃0 + 𝑃𝑃𝑟𝑟(𝑡𝑡) [MW],  ∀𝑡𝑡 ∈ 𝑇𝑇 (15) 
Expressions (14) and (15) are actually simplified versions of expressions used in the 
model. Those more complex expressions for an operational area are following:
𝑃𝑃𝑒𝑒(𝑡𝑡) ≤ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 + ∆1 ∙ (𝑑𝑑1(𝑡𝑡) − 1) + ∆2 ∙ (𝑑𝑑2(𝑡𝑡) − 1) + ∆3 ∙ (𝑑𝑑3(𝑡𝑡) − 1) + ∆4 ∙ (𝑑𝑑4(𝑡𝑡) −
1) − 𝑃𝑃𝑟𝑟(𝑡𝑡) [MW], ∀𝑡𝑡 ∈ 𝑇𝑇  
(16) 
𝑃𝑃𝑒𝑒(𝑡𝑡) ≥ 𝑃𝑃05 + 𝛿𝛿1 ∙ (𝑑𝑑1(𝑡𝑡) − 1) + 𝛿𝛿2 ∙ (𝑑𝑑2(𝑡𝑡) − 1) + 𝛿𝛿3 ∙ (𝑑𝑑3(𝑡𝑡) − 1) + 𝛿𝛿4 ∙ (𝑑𝑑4(𝑡𝑡) −
1) + 𝑃𝑃𝑟𝑟(𝑡𝑡) [MW], ∀𝑡𝑡 ∈ 𝑇𝑇  
(17) 
Where symbols ∆𝑖𝑖, 𝑖𝑖 ∈ {1,2,3,4} denote difference between maximum values of two 
neighboring power output curves, and symbols 𝛿𝛿𝑖𝑖 , 𝑖𝑖 ∈ {1,2,3,4} denote a difference between 




Xmin ≤ X(t) < X1
X1 ≤ X(t) < X2
X2 ≤ X(t) < X3
X3 ≤ X(t) < X4


























Figure 4 Performance curves for HPP Vinodol 
Each E(t) represents performance curve P(t) for (expected) power output in [MW], and is 
defined by (18). Time step t is 1h, and therefore (18) in step t can also be considered as
(expected) produced electricity E(t) in [MWh] and is defined by (19). 
𝑃𝑃(𝑡𝑡) ≔ 𝐸𝐸(𝑡𝑡) = 𝑃𝑃𝑒𝑒(𝑡𝑡) + �𝑝𝑝𝑟𝑟,𝑢𝑢𝑢𝑢 − 𝑝𝑝𝑟𝑟,𝑑𝑑𝑏𝑏𝑑𝑑𝑛𝑛� ∙ 𝑃𝑃𝑟𝑟(𝑡𝑡) [𝑀𝑀𝑊𝑊] or (18) 
𝐸𝐸(𝑡𝑡) = 𝐸𝐸𝑒𝑒(𝑡𝑡) + 𝐸𝐸𝑟𝑟(𝑡𝑡) [𝑀𝑀𝑊𝑊ℎ]   (19) 
Like method presented in [24], top and bottom constraint on primary regulation for HPP are 
modelled by (20). In this case, a top constraint is equal to a half value of nominal power output 
of HPP:
0 ≤ 𝑃𝑃𝑟𝑟(𝑡𝑡) ≤ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 2⁄ [MW],  ∀𝑡𝑡 ∈ 𝑇𝑇 (20)
8.1.2. Spinning reserve
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According to [26], secondary regulation is ancillary service related to 
secondary control that tries to minimize Area Control Error (ACE). The range of 
secondary regulation is an interval of active power that is available for remote 
control by automatic generation control (ACG) within 10 minutes from secondary 
control activation. The amount of secondary-up or secondary-down regulation is an 
amount for which active power can be increased or decreased considering an 
operational state of HPP at the moment of activation of the secondary control. 
Spinning reserve is modelled similarly to methods presented in [24] and [19]. There 
are no time constraints regarding the response of the secondary reserve of HPP in 
[24]. On the other hand, in [19] those temporal constraints are taken into account in 
the form of maximum sustain ramp rate (MSR) [MW/min] parameter that is defined 
by the manufacturer. MSR represents maximum stabile ramp rate of power plant 
and is a very important parameter for frequency control. According to [27] for needs 
of the primary regulation, an available primary reserve should have following 
characteristics: the power plant must be able to change power output for 1,5% of 
nominal power in less than 15 seconds for frequency variations up to 100 mHz and 
linearly change power output for 3% of nominal power in less than 30 seconds for 
frequency variations up to 200 mHz. For this paper time constraints, regarding 
power output changes, in other words, MSR parameter, is set to MSR = 5.67 
MW/min. According to [19] the secondary regulation available in time step t is: 
𝑃𝑃𝑠𝑠𝑃𝑃(𝑡𝑡) ≤ min {15 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀,𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃(𝑡𝑡)} (21) 
and considering also both primary reserve and secondary-up and down reserve: 
𝑃𝑃𝑠𝑠𝑃𝑃,𝑢𝑢𝑝𝑝(𝑡𝑡) ≤ min {15 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀,𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃(𝑡𝑡) − 𝑃𝑃𝑃𝑃(𝑡𝑡)} (22) 














Figure 5. Footroom and headroom for primary and secondary reserve 
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Footroom for both primary and secondary reserve is shown in figure 5. The ramp 
rate of HPP Vinodol (MSR) is several times larger than nominal power, and 
therefore there are no restrictions on secondary regulation (15[min] ∙ MSR[MW
min
]) 
except required headroom and footroom for the secondary reserve. Ramping 
constraints for HPP are defined by expressions (24) and (25): 
𝑃𝑃𝑠𝑠𝑃𝑃,𝑢𝑢𝑝𝑝(𝑡𝑡) ≤ min {15 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀,𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃(𝑡𝑡) − 𝑃𝑃𝑃𝑃(𝑡𝑡)} (24) 
𝑃𝑃𝑠𝑠𝑃𝑃,𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡) ≤ min {15 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀,𝑃𝑃𝑃𝑃(𝑡𝑡) − 𝑃𝑃0 − 𝑃𝑃𝑃𝑃(𝑡𝑡)} (25) 
Same assumption. as in the example from [31]. is made. Therefore, HPP 
Vinodol can change power output very fast, from minimum power P0 to nominal 
power e 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 within 17 seconds. Expressions (26) and (27), taken from [24], define 
an amount of the power output changes between two consecutive time steps (hours) 
that cannot be greater than parameters UP and DR stated in table 7.  
𝑃𝑃(𝑡𝑡) − 𝑃𝑃(𝑡𝑡 − 1) ≤ 𝑈𝑈𝑃𝑃 (26) 
𝑃𝑃(𝑡𝑡 − 1) − 𝑃𝑃(𝑡𝑡) ≤ 𝐷𝐷𝑀𝑀 (27) 














Vinodol 2.7 -3.6 94.5 -94.5 94.5 -94.5
Expressions (28) and (29) define an operational area for HPP power output 
regarding electricity production: 
𝑃𝑃𝑒𝑒(𝑡𝑡) ≤ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 − 𝑃𝑃𝑟𝑟(𝑡𝑡) − 𝑃𝑃𝑠𝑠𝑟𝑟(𝑡𝑡)   [MW], ∀𝑡𝑡 ∈ 𝑇𝑇 (28) 
𝑃𝑃𝑒𝑒(𝑡𝑡) ≥ 𝑃𝑃0 + 𝑃𝑃𝑟𝑟(𝑡𝑡) + 𝑃𝑃𝑠𝑠𝑟𝑟(𝑡𝑡)   [MW],  ∀𝑡𝑡 ∈ 𝑇𝑇 (29) 
Expressions (28) and (29) are actually simplified versions of expressions used 
in model in order to define operational area. Those more complex expressions for 
operational area are following: 
𝑃𝑃𝑒𝑒(𝑡𝑡) ≤ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 + ∆1 ∙ (𝑑𝑑1(𝑡𝑡) − 1) + ∆2 ∙ (𝑑𝑑2(𝑡𝑡) − 1) + ∆3 ∙ (𝑑𝑑3(𝑡𝑡) − 1) + ∆4 ∙ (𝑑𝑑4(𝑡𝑡) −
1) − 𝑃𝑃𝑟𝑟(𝑡𝑡) − 𝑃𝑃𝑠𝑠𝑟𝑟(𝑡𝑡)   [MW], ∀𝑡𝑡 ∈ 𝑇𝑇 
(30) 
𝑃𝑃𝑒𝑒(𝑡𝑡) ≥ 𝑃𝑃05 + 𝛿𝛿1 ∙ (𝑑𝑑1(𝑡𝑡) − 1) + 𝛿𝛿2 ∙ (𝑑𝑑2(𝑡𝑡) − 1) + 𝛿𝛿3 ∙ (𝑑𝑑3(𝑡𝑡) − 1) + 𝛿𝛿4 ∙ (𝑑𝑑4(𝑡𝑡) −
1) + 𝑃𝑃𝑟𝑟(𝑡𝑡) + 𝑃𝑃𝑠𝑠𝑟𝑟(𝑡𝑡)   [MW], ∀𝑡𝑡 ∈ 𝑇𝑇 
(31) 
Where symbols ∆𝑖𝑖, 𝑖𝑖 ∈ {1,2,3,4} denote a difference between maximum values of 
two neighboring power output curves, and symbols 𝛿𝛿𝑖𝑖, 𝑖𝑖 ∈ {1,2,3,4} denote difference 
between maximum values of two neighboring power output curves. When HPP 
participate in ancillary services market in particular time step t, HPP makes a 
profit from that market and also from electricity market. If HPP participates in the 
secondary regulation market following situations can occur: 
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• HPP also participate in electricity market: in this state, HPP also makes a 
profit from electricity market besides the secondary reserve market. The 
probability of this state is 𝑝𝑝𝑑𝑑𝑒𝑒𝑒𝑒. 
• HPP does not participate in electricity market: in this state, HPP makes a 
profit just from secondary reserve market. The probability of this state is 
(1 − 𝑝𝑝𝑑𝑑𝑒𝑒𝑒𝑒). 
In order to calculate HPP profit it is necessary to determine amount of electricity 
that HPP has produced for needs of secondary regulation 𝐸𝐸𝑠𝑠𝑟𝑟(𝑡𝑡)[𝑀𝑀𝑊𝑊ℎ]. Therefore 
𝑝𝑝𝑑𝑑𝑒𝑒𝑒𝑒 ∙ 𝐸𝐸𝑠𝑠𝑟𝑟(𝑡𝑡) is used in expression (33) that defines total produced electricity in time 
step t. It is important to note that this is actually expected value. 
𝑷𝑷(𝒕𝒕) ≔ 𝑬𝑬(𝒕𝒕) = 𝑷𝑷𝒆𝒆(𝒕𝒕) + 𝒑𝒑𝒅𝒅𝒆𝒆𝒅𝒅 ∙ 𝑷𝑷𝒔𝒔𝒓𝒓(𝒕𝒕)   [𝑴𝑴𝑴𝑴] or (32) 
𝑬𝑬(𝒕𝒕) = 𝑬𝑬𝒆𝒆(𝒕𝒕) + 𝑬𝑬𝒔𝒔𝒓𝒓(𝒕𝒕)  [𝑴𝑴𝑴𝑴𝑴𝑴] (33) 
Expected power output, 𝑝𝑝𝑑𝑑𝑒𝑒𝑒𝑒 ∙ 𝑃𝑃𝑠𝑠𝑟𝑟(𝑡𝑡), (𝑝𝑝𝑑𝑑𝑒𝑒𝑒𝑒 ∙ 𝐸𝐸𝑠𝑠𝑟𝑟(𝑡𝑡)) and water discharge q(t) 










Figure 6 Expected power output and water discharge from HPP Vinodol 
8.1.3. The tertiary (cold) reserve
The tertiary reserve can be divided into fast and slow. The fast tertiary 
reserve is activated for necessary secondary reserve backup. It is also called minute 
backup and must mitigate effects of an outage of a largest producing power plant in 
the system  [28]. The slow tertiary reserve is needed for an optimization of power 
flows and electricity production in the system [29]. The tertiary reserve can also be 
used for congestion management by the rescheduling of production in one 
regulation area. The operational area of HPP, that offers tertiary reserve, is shown 
on figure 5 and defined by expressions (34) and (35) and additionally (36) and (37): 
𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡) ≤  𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 [MW], ∀𝑡𝑡 ∈ 𝑇𝑇 (34) 
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𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡) ≥ 𝑃𝑃0 [MW],  ∀𝑡𝑡 ∈ 𝑇𝑇 (35) 
Expressions (35) and (36) are more complex and are used in this model. They 
define cold reserve and its range: 
𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡) ≤ 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 + ∆1 ∙ (𝑑𝑑1(𝑡𝑡) − 1) + ∆2 ∙ (𝑑𝑑2(𝑡𝑡) − 1) + ∆3 ∙ (𝑑𝑑3(𝑡𝑡) − 1) + ∆4 ∙ (𝑑𝑑4(𝑡𝑡) −
1) [MW], ∀𝑡𝑡 ∈ 𝑇𝑇 
(36) 
𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡) ≥ 𝑃𝑃05 + 𝛿𝛿1 ∙ (𝑑𝑑1(𝑡𝑡) − 1) + 𝛿𝛿2 ∙ (𝑑𝑑2(𝑡𝑡) − 1) + 𝛿𝛿3 ∙ (𝑑𝑑3(𝑡𝑡) − 1) + 𝛿𝛿4 ∙ (𝑑𝑑4(𝑡𝑡) − 1
[MW], ∀𝑡𝑡 ∈ 𝑇𝑇  
(37) 
To calculate HPP profit, it is necessary to determine an amount of electricity 
that HPP has produced for needs of the tertiary regulation  𝐸𝐸𝑡𝑡𝑟𝑟(𝑡𝑡)[𝑀𝑀𝑊𝑊ℎ]. Therefore, 
𝑝𝑝𝑡𝑡𝑟𝑟,𝑑𝑑𝑒𝑒𝑒𝑒 ∙ 𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡) is used in expressions (38).  
• Probability that HPP will be chosen for tertiary reserve in time step t is 
𝑝𝑝𝑡𝑡𝑟𝑟,𝑑𝑑𝑒𝑒𝑒𝑒. That probability is used to determine expected produced electricity in 
time step t using expression (38). In this case, HPP makes a profit both from 
participation on the tertiary reserve market and delivered electricity during 
provision of tertiary reserve. 
𝐸𝐸𝑡𝑡𝑟𝑟(𝑡𝑡) = 𝑝𝑝𝑡𝑡𝑟𝑟,𝑑𝑑𝑒𝑒𝑒𝑒 ∙ 𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡)   [𝑀𝑀𝑊𝑊] (38) 
8.1.4. About electricity market and ancillary services markets 
HPP Vinodol is assumed to be price taker. Ancillary services markets modelled 
in this paper are previously mentioned primary, secondary and tertiary reserves. 
Due to issues of sequentially performed market clearings of electricity market and 
ancillary services markets discussed in [30] in this paper simultaneous clearing of 
all markets is assumed in like presented in [31]. Furthermore, model of market 
structure is assumed to be based on PBUC [31] (price based unit commitment) 
approach. Electricity producer makes decision on activating power plan unit 
according to his risk analysis. In this approach GENCO takes all risk of unit 
scheduling and commitment. In this paper same GENCO owns power plant units 
from HPS Lokve-Bajer. Goal function is therefore maximum profit of the HPS 
considering PBUS approach. In order to make optimal power plant schedule it is 
required to predict day ahead market prices (for electricity market, primary, 
secondary and tertiary reserve market) as accurate as possible. Day-ahead power 
plant schedule is submitted the day before and consists of: 
• Vertical bidding curve 𝐶𝐶𝑒𝑒𝑒𝑒�𝑃𝑃(𝑡𝑡)� with point in 𝑃𝑃𝑒𝑒𝑒𝑒(𝑡𝑡) for every time step t for 
electricity market: 𝑃𝑃𝑒𝑒𝑒𝑒(𝑡𝑡)[𝑀𝑀𝑊𝑊],∀𝑡𝑡 ∈ 𝑇𝑇 
• Vertical bidding curve 𝐶𝐶𝑢𝑢𝑟𝑟�𝑃𝑃(𝑡𝑡)� with point in 𝑃𝑃𝑢𝑢𝑟𝑟(𝑡𝑡) for every time step t for 
primary reserve market: 𝑃𝑃𝑢𝑢𝑟𝑟(𝑡𝑡)[𝑀𝑀𝑊𝑊],∀ 𝑡𝑡 ∈ 𝑇𝑇 
• Two vertical bidding curves 𝐶𝐶𝑠𝑠𝑟𝑟,𝑢𝑢𝑢𝑢�𝑃𝑃(𝑡𝑡)� with point in 𝑃𝑃𝑠𝑠𝑟𝑟,𝑢𝑢𝑢𝑢(𝑡𝑡) and 
𝐶𝐶𝑠𝑠𝑟𝑟,𝑑𝑑𝑏𝑏𝑑𝑑𝑛𝑛�𝑃𝑃(𝑡𝑡)� with point in 𝑃𝑃𝑠𝑠𝑟𝑟,𝑑𝑑𝑏𝑏𝑑𝑑𝑛𝑛(𝑡𝑡) for every time step t for secondary 
reserve market: 𝑃𝑃𝑠𝑠𝑟𝑟(𝑡𝑡)[𝑀𝑀𝑊𝑊],∀ 𝑡𝑡 ∈ 𝑇𝑇 and 
• Vertical bidding curve 𝐶𝐶𝑡𝑡𝑟𝑟�𝑃𝑃(𝑡𝑡)� with point in 𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡) for every time step t for 
tertiary reserve market: 𝑃𝑃𝑡𝑡𝑟𝑟(𝑡𝑡)[𝑀𝑀𝑊𝑊],∀ 𝑡𝑡 ∈ 𝑇𝑇 
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According to assumption that GENCO Lokve-Bajer is price-taker electricity 
producer, it will be sufficient to create just vertical bidding curves since bids will be 
accepted with forecasted marginal clearing price (MCP) regardless of submitted 
quantity. In deterministic model that is presented in this paper, electricity price 
and also ancillary services prices are not forecasted. Instead, hourly prices for 
electricity only market and also ancillary services markets are taken from day 
ahead electricity market and day ahead ancillary services market on NYISO pool 
for day 09.6.2012.  
9. CASE STUDY AND RESULTS 
Prices of electricity (electric energy day-ahead – EE DA), the primary 
regulation, the secondary regulation, 10-minute spinning reserve and cold (the 
tertiary) reserve are taken from day-ahead auction market. Real-time electricity 
price (electric energy real-time – EE RT) is taken from real-time electricity market 
where hourly prices are equal to pondered average prices during that hour. All data 
is taken from NYISO electricity market and ancillary services markets on 
09.06.2012 and are shown in figure 7. 
 
Figure 7 Hourly prices taken from NYISO on 09.06.2012. for zone N.Y.C. (New York City).
Acquired results from optimization runs have shown that HPP Vinodol has 
by far largest role in HPS Lokve-Bajer and therefore has the largest effect on profit 































Price [$/MWh] EE DA
EE RT
Primary regulationa
10 min. Spin. Res.
10. min Cold Res.
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electricity market and only HPP Vinodol profit is maximized, is equal to 72 629 $. If 
profit of HPS Lokve-Bayer is maximized then it reaches 76 580 $. It is obvious that 
HPP Vinodol share of total profit is around 95% and consequently decided to 
optimize only HPP Vinodol profit has been made. This simplification has positive 
effects on calculation and optimization process. Case study data are presented in 
table 8 and table 9. 
Table VIII. Average natural inflows during day in reservoirs 
Reservoir Križ Lokve Bajer Lepenica Potkoš 
[m3/s] 2 8 6 2 2 
Table IX. Parameters of HPP/PS* and reservoirs in HPS Lokve-Bajer 
Reservoir Volume [hm3] HPP/PS Discharge  [m3/s] Power [MW] 
Križ 0.06 PS Križ 1.1 0.34 
Lokve 34.8 PHPP Fužine 10/9* 4.6/4.8* 
Bajer 1.32 HPP Vinodol 18.6 94.5 
Lepenica 4.26 PHPP Lepenica 6.2/5.3* 1.14/1.25* 
Potkoš 0.33 PS Lič 0.45 0.36 
 
 On figure 8 HPP Vinodol schedule while participating only in the electricity 
market is shown. If HPP Vinodol additionally participated in the primary 
regulation its daily profit is increased by 5,17% and is equal to 79430 $. HPP 
Vinodol schedule in this new environment is shown in figure 9. Pee(t) represents 
HPP Vinodol part of capacity for electricity production and Preg(t) represents HPP 
Vinodol part of capacity intended for primary regulation. The probability that HPP 
Vinodol will participate in the primary regulation market is shown in table 10. 
Table X. Probability that HPP Vinodol will participate in primary regulation
𝒑𝒑𝒓𝒓,𝒖𝒖𝒑𝒑 𝒑𝒑𝒓𝒓,𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 (𝟏𝟏 − 𝒑𝒑𝒓𝒓,𝒖𝒖𝒑𝒑-𝒑𝒑𝒓𝒓,𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅)
0.40 0.35 0.25
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Figure 8 HPP Vinodol schedule while participating only in electricity market
 
Figure 9 Available capacity and schedule of HPP Vinodol while participating in electricity 
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On figure 10 HPP Vinodol schedule while participating in electricity market and spinning 
reserve market is shown. If HPP Vinodol additionally participate in spinning reserve its daily 
profit is equal to 74731 $. 
On figure 11 HPP Vinodol schedule while participating in the electricity market, the 
primary regulation, the spinning reserve market and the cold reserve market is shown. If HPP 
Vinodol additionally participated in the primary regulation, the spinning reserve market and the 
cold reserve market its daily profit is equal to 81643 $. Pee(t) represents HPP Vinodol part of the 
capacity for electricity production and Preg(t) represents HPP Vinodol part of the capacity 
intended for the primary regulation. Prot,up(t) represents HPP Vinodol part of the capacity for 
the secondary-up regulation. Prot,down(t) represents HPP Vinodol part of the capacity for 
secondary-down regulation. Pcold(t) represents HPP Vinodol part of the capacity for the tertiary 
regulation.
 
Figure 10 Available capacity and schedule of HPP Vinodol while participating in electricity 
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Figure 11 Available capacity and schedule of HPP Vinodol while participating in electricity 
market, primary regulation, spinning reserve market and cold reserve market.
 
10. CONCLUSION 
In this paper, it has been elaborated and shown that due to their high 
flexibility and robustness hydropower plants are capable of providing all sorts of 
ancillary services, from primary control to providing a cold reserve in a system. 
Assumptions that hydropower owners can increase expected profit by biding on 
several markets at the same time have been proven right. Results have shown by 
additional bidding on primary regulation market HPP Vinodol can increase 
expected profit by approximately 5% in comparison to the case where it only bids to 
the electricity market. If bids are also submitted to the spinning reserve and the 
cold reserve market this increase can reach 8%. This simultaneous bidding imposes 
a certain new risk to the owners of hydropower plants due to exposure to a wider 
range of market risks. But at the same time opportunities for an additional profit 
and to economic flexibility are increased. This paper shows that in near 
deterministic environment such as day-ahead markets it is possible to boost 
expected profit notably. It is of course almost impossible to utilize these 
opportunities without certain adequate support tool. One such tool is presented in 
this paper. Although rather simple due to computing limitations, presented model is 
efficiently found an optimum schedule of different services besides just bidding on 
the electricity market. Presented results are based on one specific case study of 
hydropower system Lokve-Bajer and therefore cannot be treated as a general 
estimate of the presented method. But at the same time, the model is flexible 
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enough to be adjusted to different specific locations to apply a similar analysis as 
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